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OBSERVER-BASED STABILIZATION OF SYSTEMS WITH
MONOTONIC NONLINEARITIES

Murat Arcak and Petar Kokotovi¢
ABSTRACT

We design an observer-based control law for a class of systems that
include monotonic nonlinearities of the unmeasured states. Our observer
results in nonlinear error dynamics which can be represented as the feedback
interconnection of a linear system and a time-verying multivariable sector
nonlinearity. The convergence of the estimation error is guaranteed by an
observer matrix that renders the linear part passive, and is computable with LMI
software. The feedback design is completed by combining the observer with a
control law that renders the plant input-to-state stable with respect to the state
estimation error.

KeyWords: Output feedback, nonlinear observers, backstepping.

[.INTRODUCTION by Krener and Respondek (1985). Gautbial. (1992)
and Tsinias (1991) have designed observers for globally
Most of the existing nonlinear observer designs re- Lipschitz nonlinear systems. For all these observers, the
strict the system to be linear in the unmeasured statesestimation error dynamics are linear or linearly bounded
When the system equations depend nonlinearly on themaking linear stability analysis techniques applicable. For
unmeasured states, global stabilization by output feedbackship models, which satisfy linear bounds in the unmeasured
may be impossible as shown by the counterexamples ofstates, Fossen and Strand (1999) have designed passive

Mazencet al. (1994). observers.

Krener and Isidori (1983) and Bestle and Zeitz Even when an observer is available for a nonlinear
(1983) introducedutput injection observersfor systemsin  system, the design of output feedback control laws is more
the form difficult than the full-state feedback design because cer-

tainty equivalence does not hold. For a special structure of

X=AXx+y(y, u), y=Cpx, 1) y(y, u), Marino and Tomei (1991) and Kanellakopoulos

] ) et al. (1992) have designed control laws with output injec-
whereA, andC, are in observer canonical form: tion observers. These control laws are not of the certainty
equivalence type but, instead, guarantee input-to-state sta-
0 bility (ISS) with respect to the state estimation error.
A,=|: ' , C,=[10 - 0]. 2) In this paper we extend the applicability of observer-
00 based designs to systems
Krener and Isidori (1983) and Marino and Tomei X=AX= ) +y(y, 1), y = Cox, (3)

(1991) have derived differential geometric conditions that
characterize systems which can be transformed into (1). ¢
These results have been extended to the multi-output cas<t§n

where the nonlinear dependencegsf) on the unmeasured
ates is monotonic. For such systems, we design observers
at result in nonlinear error dynamics which can be repre-
sented as the feedback interconnection of a linear system

. . . and a time-varying sector nonlinearity. Then the conver-
The authors are with Center for Control Engineering and fh timati . teed by ch .
Computation, University of Calitornia, Santa Barbara, CA93106- gence ot the e's Imation €error 1S 99”""” eed by C, 00sing .an
9560, U.S.A. observer matrix that renders the linear part passive. While
Research supported in part by the National Science Foundathe .eX|stence of such a matrlx IS ngt knoavm_orl, by
tion under grant ECS-9812346 and the Air Force Office of posing the problem as a linear matrix inequality (LMI), a
Scientific Research under grant F49620-95-1-04009. numerical solution is efficiently computed if it exists.
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Our observer is used together with as ISS control For system (3) we design the observer
law obtained by extending the backstepping design of
Kanellakopoulost al. (1992). Even when the estimation
error system is only globally stable without being
convergent, the resulting closed-loop system is globally whereL = [l ... 1] T is yet to be determined.

stable thanks to the ISS property of the control law. To decompose/(x) into its linear and nonlinear parts,
In Section 2 we characterize the allowable non- we introduce

linearities which yield the desired form of the estimation

);( = AOX + L(y_ COX) - L)U(X) + y(yl U) ’ (6)

error dynamics. I_n_ Section 3 we design_ an observgr matrix WX =0 T(X) - TN, @)

to guarantee stability of the error dynamics. In Section 4 we

design ISS control laws by backstepping. and, by adding and subtracting |x, ... kx], we
. — rewrite (3) as

Notation and Definitions

« |0 denotes the Euclidean norm and for any measurable X = AX— X + y(y, ), 8)

functionu(t), | |, denotesss.supeof | u(t) |}. L. de-
notes the Banach space of essentially bounded functiondvhereAc= A, —diag (0, ky, ..., ky). Similarly (6) becomes
with norm| ] ..

» Afunction8: IR,y — IR, is said to be clags- if it is
continuous, increasing, amdf0) = 0. It is called class-
Ko if, in addition,lim_, 1, 6(t) = +eo,

» Afunctionf: IR,y X IRyg —» IR5g is said to be cladst

R=AX+LY-CR) — YR +y(y, 1) . ©)

Then, the dynamics of the state estimation error

if for eacht 0 IRso, B(G1t) is classK and for eack 0 IR, e:=x-X (10)
B(s, Qis decreasing afém _ .., 84S, t) = 0.
A signalx(t) is said to satisfy an input-to-state stability are governed by
(ISS) bound with respect toif there exist a claskL
function ()01 and a clas function () such that e=(A,—LC)e—B({I(X) — R)) . (11)

Then x n matrixB is obtained from the identity matrix by
zeroing the columns that correspond to the zero entries
in the vectony, that is,

|X(®)| < max {8( x©)

0, 6wl -

The systenx = f(x, w), f(0, 0) = 0, is said to be ISS
with respect tow if x(t) satisfies an ISS bound with
respect tow. b, =0 if i#] b..:fo if i=1or ¢(x)=0,
L P \1 otherwise.
I1.STATE ESTIMATION ERROR

DYNAMICS

12)

By this constructioni(x) depends only oBx and,
hence,i(x) — () = P(X) — (x —e) depends oBx and
Be=:z To be able to analyze the error dynamics (11)

The observer design in this paper is feasible for
systems in the form (3) whexe IR", ¢0) = 0,A;, andC,

are as in (2)y(QJyandy) are locally Lipschitz functions
in the form

0 yi(y, u)
W) = Ko, +;¢2(X2) VVE yZ(};/’ u) RV
KoXn + P(Xn) yaly, )

where, fori = 2, ...,n, k = 0 and{; () are restricted to be
monotone increasing.

Assumption 1. {;(Vis either identically zero or strictly
increasing, that is,

ol@i(x) - (% —0)]>0 Oo#0, OxO IR (5)

independently ok, we view {(x) — {{(x —e) as a time-
verying function of,

@t, 2) = ¢lt, Be) = PX(1)) —Px(t) —€) (13)
which is well defined as long aft) exists, that is on its

maximal interval of existence [§). On that interval we
rewrite (11) as

e=(A,—LC)e-Bgt, 2,
z=Be. (14)
Assumption 1 guarantees thgt, z) has the property

Z"@t,2>0 0z#0,0t0[0, ty). (15)



44 Asian Journal of Control, Vol. 1, No. 1, March 1999

This sector property allows us to conclude stability of observer (6) and the ISS control law a(y, X) is globally
(14) via the Positive Real Lemma which requip&s= B stable (GS).
with P = PT > 0. Here, the fact thd is singular by We now summarize our results and show that global
construction (12) provides the freedom Rot I. asymptotic stability (GAS) is achieved with an additional
detectability condition.
Proposition 1. Consider the error system (14) with the
sector property (15). If there exifts= PT > 0 such that Theorem 1. Suppose thatandP =P" > 0 satisfy (16) and
an ISS control law = a(y, X) is designed as in Assumption
(Ax—LCy) P +P(A—LC,) <0 andPB=B, (16) 2. Then the closed-loop system (3), (6) is GS. If, in
addition, the pairB, A, — LC,) is detectable, then the

then the state estimation errot)esatisfies closed-loop system is GAS.
\e(t) ‘ < K‘ e(O)\ Otajo, t,), (17) Proof. Global stability has already been proven. Since
x(t) andx(t) are inL.,, we conclude from (3) and (6) that
wherek = /A (P) I A.(P). x(t) andx(t) are also irL,. Thereforex(t) andx(t) are

uniformly continuous on [Gp). By the continuity off([)
Proof. With V(e) = 1l peasa Lyapunov function, (14) and the boundedness and uniform continuity(@fand
and (16) imply % (t), it follows from (13) thatz(t)" ¢(t, z(t)) is also uni-
formly continuous on [O). Noting from (18) that
V<-e'Byt,Be)=-2"¢(t,2<0 Ot O[O0, t,), :
(18) fim [ 207 @t, Z(t)dt 23)
- =Jo
and, hence, exists and is finite, it follows from Barbalat's lemma
- - (Khalil, 1996, Lemma 4.2) thaft)" ¢(t, z(t)) — 0 ast - .
&t)" Pe(t) <e(0)’ Pe(0) Lt [0, t), (19) Then, from (15)z(t) —» 0 ast - . To conclude GAS, we
note that the plant (3) and the observer (6) taken together
form an autonomous system with bounded solutions.
Therefore, LaSalle’s invariance principle applies and solu-

For olutput feedback stabilization., observer (6) is to tionsx(t), X (t) converge to the largest invariant 8 {(x,
be used with a control law= a(y, X) which employs the %())|z=Be= 0}. From (14) and detectability oB(A, —
available measuremeptand the state estimates Since LC,), it follows thate = 0 inQ. Then, we conclude from

certainty equivalence does not hold, we design a control(zo) thatQ = {0} which establishes GAS.
law u = a(y, X) which renders the plant (3) input-to-state

stable (ISS) with respect to the estimation egroft this I11. OBSERVER DESIGN
point we assume that such an ISS control law exists. We
address its design in Section 4.

from which (17) follows. "

With Theorem 1, the observer design for system (3)
is reduced to the problem of finding an observer méatrix
such that (16) is satisfied with=P" > 0. In general, such
L may not exist. However, by formulating the problem as
a LMI, we can use the efficient numerical tools available
1), 6(e| )} Ot=0, (20) for LMI’s to determine whether the problem is feasible and,

if so, to obtain a solution fdr.
with classKL function (L} ) and a clas$ function To prepare for the LMI formulation, we rewrite (16)
601 as a matrix inequality

Assumption 2. The exists a locally Lipschitz control law
u = a(y, X) such that the solutions of (3) satisfy

| X(t) | < max {8 x(0)

Under this assumption ;
A,—-LC)'P+P(A,—-LC,) PB-B
( k o)BP_B( k 0) 0 SO, (24)
,0),6(x|0) )} , (21)

sup | x(t) | < max {B(| x(0)

tof[o,ty)

which we want to solve farandP =P" > 0. This inequality

that is x(t) is bounded on its maximal interval of existence. : T
isan LMl inP andl" =L'P:

Thus,t; = « and

| x(t) |, < max {B(| x(0)

,0), 8k e0)))} . (22) AIP +PA,~CIr -I''C, PB-B

BP—B o |59

By (17) and (22), the closed-loop formed of the plant (3),
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P=P">0. (25) tems like (3), but withy(x) = 0 and withy(y, u) restricted
to be in the form
Example 1. For the open-loop unstable system

&
X, = X3 = X(1 +%5) +u, 25
X =2U, wyu)=| o) +ppoyu |, (30)
y =Xy, (26) ¢ 1Y) + P oYU

a root-locus argument for the linearization shows that the 9.(y) + po(Y)u

equilibriumx = 0 cannot be stabilized by static output
feedback. An attempt to transform this system into the wherep, # 0,
form (1) fails because the necessary conditions of Krener
and Isidori (1983) are not satisfied. However, (26) is of the

=p S + PSP n 31
form (3) with P(S) =P ST + Pt L+ PSP (31)

is a Hurwitz polynomialg;(0) = 0i = 1, ...,n, andp(y) #

0 y? O0yOIR.
WX) = X(L+X3) |, Uy, W) =| u |. (27) We now extend the backstepping design of
0 2u Kanellakopoulogt al. (1992) to systems (3) with nonzero

Y(x) in the form
We observe tha(x) can be written as in (4) witp = 1,

D,(%) = X3, ks = 0 and{;(x3) = 0. Sinceil,(is strictly WX) = [0 Yo%) .. Yr(%) O ... OT, (32)
increasing, Assumption 1 is satisfied, therefore, the ob-
server (6) is applicable: wherey;(0) = 0i = 2, ...,r. We keep the restrictions (30)
and (31) ory(y, u) and assumgi(Dland¢;() are smooth.
%= R+ (y=R) +Y?, Substituting (30), we rewrite the plant (3) and ob-

. server (6) as
o= R+ 1,(y—%) = %,(1 + %) + U,
%= 5y —%,) +2u. (28) y=%+¢:(y),

Xo = X3 = Yy(%o) + #(Y)
To design ar that satisfies Theorem 1, we solve .
the LMI (25) with

Xr =X~ wr(xr) + ¢r(y) + prp(y)u ’

A= 8 —11 (1) , B= 828 , and X1 Xe2t @ria(Y) + P oMU,

0 0 0 000 :
Co,=[1 0 0]. X, = @a(Y) + pro(Y)U, (33)

A solution is >.?1 =%, + 1 (y=%) + 9.(Y)
Ry = Ry + (Y = R0) — (%) + 9(Y)

1 0 -1 21" :
P=1 0 1 0|, IN=|3 (29) o

-1 0 0 Xr = 5zr+1 + Ir(y_xl) - wr(xr) + ¢r(y) + prp(y)u ’

);(r+ = + +Ir+ —Xy) + r+ + r+ u,
Then,L =PT=[3 3 1] and the pairB, A —LCy) is 1‘5(' 2 ¥l dly =R+ G i)+ Preapl))

detectable. Thus, we conclude from Theorem 1 that the :
observer (28) witth, = 3,1, = 3 and3 = 1 guarantees GAS =1 (y=%) + @,(y) + p.o(Y)u. (34)

of the closed-lop system (26), (28) if an ISS control law
u = a(y, X) can be designed. An ISS control law is obtained by backstepping as
follows:

IV.ISSCONTROL LAW DESIGN
Step 1. We set
ISS control laws have been designed by Marino and
Tomei (1991) and Kanellakopoulesal. (1992) for sys- X1=Y, (35)
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and, usinge, = X, + &, we rewrite the first equation of (33)
as

Xi=%t ¢i(y) te. (36)
Adding and subtracting the ‘virtual’ control law

ay(y) = X1 —diX1 —¢u(y) &1 >0,d; >0,  (37)
in (36), we obtain

X1==CXit X2 —diX:1 + &, (38)
where

X2 =% —ay(y) . (39)
Step 2. From (33) and (34),

X2 = %5+ 150y — %) — (h,(%5) + ¢(Y)

O+ 9. - e, (40)

We letc, > 0,d, > 0 and

sty % %) = ~Xs = ok~ G| Yo Ly =30)

+U(R%) — $:09) + G (%o + 4,0) - (A1)
Then, (40) becomes

oa,

oa.
X2==X1—CX2+ X3—0, (T)X !

TeZ , (42)

where

X3 =X — (Y, Xy, %) - (43)
Stepi. (3<i<r)We proceed as in Step 2 and use the

formulas

aai—l)le

ai(y, Riy Roy =+ R) = =Xi_1—CiX; _di( dy

1y —=%) + (%)~ B(5) +°

By (Rt 9:))

aa, 1

[Xz +1(y—%) + ¢.(Y)]

+ 2 5 e =R = (%) + 0] (49

J

Xis1 =Ko — ai(yv Ry, %, ”'vxi)i (45)
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wherec; > 0,d; > 0 in each step. Our final control law is

— __Xr+1
u=al, %) =5 o)
-1
- prP(Y)[_ Xt ar(Y: Ry, ooy Xr)] ’ (46)

which is an ISS control law as we now prove.

Theorem 2. For system (33) with Hurwitz polynomial

(s) in (31), the control law (46) obtained recursively
from (35), (37), (39), (41), (43), (44), (45) satisfies the
ISS Assumption 2.

Proof. With (46), the dynamics of are given by

X1=—CiX1 + X2~ 019:(X) X1 + 9:(X)e; ,

Xi = =Xi—1—CXi + Xi+1—diGiX) X + gi(X)e; ,

Xr = _Xr—l_CrXr _drgr(X)ZXr + gr(X)eZ ’ (47)
h = 1,00 == %=1 fori = 2 For (47
whereg;(x) = ,gl(x)——Ty ori =2, ...,r. For (47),

the derivative ofV(x) =
completion of squares,

2 + ... +X2 satisfies, upon

V<—cV+b(e), (48)

wherec := min-y, ..., {c}, andb(e) = (4d 4d. e

From standard comparison theorems (see &Ig;al ,
1996, Lemma 2.5)), (47) is ISS with respecetoSince
X(t) satisfies an ISS bound with respecettheny; = x;
and the application of (45) axd=% + e fori =2, ...,r
show that the first componentsx(t), ..., x(t)) of
x(t) satisfy an ISS bound with respeck&to

To complete the proof we need to show thd}
satisfies an ISS bound with respecetoTo this end, we
define the variables

pr+i

=X 4i— 9 X i =1-,n-r, (49)
governed by
n=Fn+G(x, %), (50)
where
_Py
P
F= : !
Pn
-5 0 0
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G,(X, %) sector nonlinearity. The design of this observer is construc-

G(x, %) = . (51) tive in the sense that the issues of existence and the

' G ('x x) evaluation of a passivating observer matrix L are resolved
n—r\”Ms %

by efficient LMI computations. Global asymptotic stabil-
ity of the closed-loop system is achieved by combining the
observer with an ISS control law designed by backstepping.
An extension to tracking is currently being developed.

and, fori=1, ...,n—r,

G0 %) = B () — ) + B (x)
' ' REFERENCES
4 Prrivn _ PreiPrea|y ) _
P p? re 1. Bestle, D. and M. Zeitz, “Canonical Form Observer

From (50), the-subsystem is driven by they(t), ..., X
(t))-subsystem which is ISS with respecetoThe eigen-
values of coincide with the roots gf(s) in (31) therefore,

F is Hurwitz and, hence, thg-subsystem is ISS with
respect tox;(t), x(t)). Recalling that the cascade intercon-
nection of ISS systems is ISS (Sontag, 1989, Proposition 3.
7.2), we conclude thad(t) satisfies an ISS bound with
respect te. "

2.

We now complete the observer-based control design 4.
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